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In a previous paper, [2, Definition (3.1), p. 1901, we introduced the notion 
of a E-space whose definition we now recall: A topological space X is defined 
to be a E-space if it is T1 and for each pair A, B of closed subsets of X >< X, 
the composition A 0 B is also closed where A 0 B is given by 
AoB-{(x,y)~X x X:(x,z)EAand(z,y)eBforsomezEXj. 
Among the first countable spaces, K-spaces are characterized [2, Theorem 
(3.2), p. 1911 as those which are either sequentially compact or discrete. 
It follows immediately from the definition that the family of all closed 
relations on a K-space X (i.e., closed subsets of X s X) is a semigroup 
under composition as defined above. One of the main results of [2, p. 1911 is 
Theorem (3.3) which determines all the isomorphisms between two such 
semigroups and it readily follows that two such semigroups are isomorphic 
if and only if the corresponding spaces are homeomorphic. As the title of this 
paper indicates, we give here an abstract characterization of these semigroups. 
We also discuss some characterizations of the semigroup of all relations on a 
set. 
Before we state the main theorem, we need to agree on some conventions 
and we also need a definition. First of all, we recall that in any semigroup 5’ 
with zero, a subset I of S is said to be orthogonal if the product of any two 
distinct elements of I is zero. For any a E S and any subset W/of S, the expres- 
sion al+’ = 0 means that aw = 0 for each w E W. The statement aU’ # 0 
means simply that aw # 0 for at least one w E W. 
DEFINITION. Let S be any semigroup with zero and let I be any subset 
of S. An I-distinguished set is any subset H of I x I with the property that if 
CC, y E I but (x, y) 4 H, then there exist finite subsets A and B of S such that 
xA = yB = 0 and for any (u, V) E H, either uA f 0 or vB f 0. 
This permits us to state the main result of this paper: 
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THEOREM 1. A semigroup S is isomorphic to the semigroup of all closed 
relations on some K-space if and only if it has a zero and contains an orthogonal 
family I of nonxero idempotents such that the following conditions are satisfiedfor 
all a, b E S: 
(1.1) ab # 0 implies axb # 0 for some x E I. 
(1.2) If for some x E I, ax # 0 # xb, then ab # 0. 
(1.3) If a # b, then there exist elements x, y E I such that for one of the pair 
a, b (say a) we gave xay = 0 while xby # 0. 
(1.4) A subset H of I x I is I-distinguished if and only if there exists an 
s E S such that 
H={(x,y)~IxI:xsy#O). 
Proof (Sufficiency). Suppose S satisfies the conditions given above. For 
each a E S, let 
E, ={xEI:xa =O} 
and topologize I by taking {E, : a E S} as a subbasis for the open subsets. We 
note at once that for any x E I and a E S, we have x E CE, (7” denotes set- 
theoretic complement) if xa # 0. In particular, x E CE, . However, since I 
is an orthogonal family, it follows that if y E I is different from x, then y E E, . 
All this implies that 
{x} = CE, 
for each x E I. Consequently, I is a Ti space. We will eventually show that I is, 
in fact, a c-space and that S is isomorphic to the semigroup of all closed 
relations on I. We begin by defining an isomorphism q from S into the semi- 
group 3Y1 of all binary relations on I. We emphasize that ~‘3~ consists of all 
subsets of I x I. The mapping v is defined as follows: 
ST ={(x,y)EI x I:xsy #Oo> for all s E S. (1.5) 
We show that 
b-9 0 (69) = (a4 v for all a, b E S. (1.6) 
Suppose (x7 Y> E (ad 0 (b). Th en x z Ea and (z,y)Ebp, for some ZEI ( y 1 I 
which, by (1.5), is equivalent to xaz # 0 # xby. It then follows from (1.2) 
that xaby # 0 and hence that (x, y) E (ab) v. On the other hand, if we take 
any (x, y) E (ab) (p, we get xaby # 0 from (1.5) and it follows from (1.1) that 
xazby # 0 for some z E I. Since z is idempotent, it follows that xaz # 0 # zby 
or, equivalently, (x, a) E ap, and (a, y) E bv. Thus (x, y) E (ap)) 0 (bq) and we 
have verified (1.6). 
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Now suppose a and b are any two distinct elements of S. Then according 
to (1.3), there exist elements x, y E Z such that for one of the elements a, b 
(say a) we have xay = 0 while xby # 0. But this simply means that 
(x, y) E bp, - a~. Thus, y is injective and we conclude that it is an isomor- 
phism from S into g1 . 
Let 0, denote the family of all closed subsets of Z x I. At this point, we do 
not yet know if Or is a subsemigroup of .?#I . Specifically, we do not yet know 
if the composition of two elements from 6, is in (& . All this will follow when 
we show that Sp, =- 6, First, we show that SF E 6, for every s E S, that is to 
say, we show that sp is a closed subset of Z x I. Let (x, y) be any element of 
Z Y Z which does not belong to ST. By (1.4) and (I .5), sp is Z-distinguished 
and, consequently, there exist finite subsets A and B of S such that 
sA =mm yB = 0 and for any (u, v) E ST, either UA # 0 or vB f 0. Let 
GA=-n(E,:n~A)andG,=n{E,:b~B}.ThenG,> G,isanopen 
subset of Z x Z containing (x,y) which does not intersect sq~. Thus, sp) is 
closed and we have shown that SF C a,. 
r\;ow let 01 be any element of &I and let (x, y) E [Z ,< I] ~ cy. Then there is 
an open subset of Z x Z containing (x, y) and not intersecting 01 which is of the 
form G x V where both G and P are basic open subsets of I. Hence, there 
exist finite subsets A and B of S such that 
G = n (E, : a E A} and V = n {E, : b E B}. 
It readily follows that xA = yZ3 = 0 and for any (u, v) E 01, either uA f 0 or 
vB f 0. Thus, 01 is Z-distinguished and it follows from (1.4) and (1.5) that 
01 = sp for some s E S. This completes the verification that Sp, = 6, and 
we may now conclude that 6, is isomorphic to S and is indeed a subsemigroup 
of ~~ . To complete the sufficiency portion of the proof, we have only to 
verify that Z is a c-space. But this has already been accomplished since it 
follows quickly from the definition that a Tl space X is a E-space if and only 
if 0, is a subsemigroup of 9x . 
(Necessity). Let X be any &space and let 6, denote the semigroup of all 
closed relations on X. We show that gx satisfies the conditions set forth in the 
statement of the theorem. First of all, the empty relation t serves as a zero for 
0,. For each x E X, the relation {(x, x)}, which we will hereinafter denote by 
(x>, belongs to (5, since X, and hence X x X, is 7’r . For the subset Z of the 
theorem, we choose 
z = {(x) : x E X}. 
It is immediate that Z is an orthogonal family of nonzero idempotents and 
we show that conditions (1 . l)-( 1.4) are all satisfied. Let OL and /3 be any two 
elements of ax . To say that a! o /3 # 6 means that there exist points x, y, z 
of X such that (x, y) E OL and (y, a) E /3. It follows that LY 0 (y) 0 ,fI # 5. Thus 
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(1.1) is satisfied. Furthermore, if OL o (x) # 6 # (x) 0 @ for some (x) E I, 
it follows that there exist points y, z in X such that (y, x) E OL and (x, z) E ,@. 
Hence (y, x) E 010 /3 and (1.2) has been verified. To verify (1.3) suppose that 
01 # /3. Then one of the relations contains a pair (x, y) which does not belong 
to the other. We may assume that (x, y) E /3 - (Y. It follows that 
(x) 0 010 (y) = f while (x} 0 /I 0 (y) # 5. Thus, condition (1.3) is satis- 
fied. 
We have yet to verify condition (1.4). Suppose H is any subset of I x I 
which is I-distinguished and let 
YH = G Y) E X x X : (<XL (Y>) E HI. 
We want to show that yH is a closed subset of X x X. Take any (x, y) $ yH . 
Then ((x), ( y)) 4 H and since H is I-distinguished, there exist finite subsets 
A and B of Ex such that (x) 0 A = (y) 0 B = 6 and for any 
((u), (v)) E H, either (u) o A # 5 or (v) 0 B # t. For any 01 E E:x, we 
define 
9(a) ={xEX:(X,y)EolforsomeyE Y} 
and refer to 9(a) as the domain of 01. Now let 
and 
GA =X-u{s9(a):a~A} 
In order to show that both GA and Gs are open subsets of X it will be suffi- 
cient, in view of the fact that both A and B are finite, to show that 9(a) is a 
closed subset of X for each 01 E 6:, . It is perhaps appropriate to point out 
at this time that the domain of a closed relation on an arbitrary space need not 
be closed. For example, let R denote the space of real numbers. Then 
{(x, l/x) E R x R : x > O> is closed in R x R but its domain is not closed 
in R. The situation is different, however, for c-spaces. Let a: be any element 
of gx and choose any point p E X. For any subset W of X, let 
w, = {(ix, p) : x E W}. 
One easily verifies that W, E Q, if and only if W is a closed subset of X. Thus 
X, E K, and since X is a K-space pi 0 X, is also in cx . But a: 0 X, = 9(a), 
and it follows that 9(a) is closed in X. Thus, both GA and Gs are open subsets 
of X. Now (x) 0 A = 6 is equivalent to (x) o 01 = [ for each 01 E A which, 
in turn, is equivalent to x 4 9(a) f or each 01 E A. Consequently, x E GA and, in 
a similar manner, it follows that y E Gs . Thus, G, x G, is an open subset 
X x X which contains (x, y). Furthermore, if (u, U) E ya, then 
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({u), (ZJ ;) E H and, as we noted previously, either (u) 0 cy f [ for some 
OL E A or ,v) o /3 # 5 for some /I E B. In the former case, u q! G, while in the 
latter, ZJ $ G, . In either event, (u, V) 6 G, x G, . Hence yH n G, x G, -== (3 
and we conclude that yH E K:, . Since 
H = {((x), (y)) EI x I : (x) 0 YfJ 0 (yl iii ‘$; 
it follows that the “only if” portion of condition (1.4) is satisfied. 
L\jow we verify the “if” portion of the condition. Accordingly, let H be any 
subset of I x I for which there exists an element y E Q, such that 
H = {((x), (y)) EI x I : <x, 0 y 0 \y“ f El. 
We must show that H is I-distinguished. Let (UY> and c:y> be any two ele- 
ments of I such that ((x), (y)) $ H. Then (x) 0 y 0 (y) = 6 and it follows 
that (x, y) $ y. Since y is a closed subset of X x X, there exist open subsets G 
and V of X such that (x, y) E G x V and y n G Y I’ == 0. Choose any 
p E X and define 
a = {(u, p) : u E LX- - G), p = ((24, p) : u E x -- V); 
then both a and p are elements of C, and lx) 0 a: = cry’) 0 p = [. Further- 
more, if (\u>, Iv>) E H, then (u) 0 y 0 (v) # [ which implies that (u, ZJ) E y. 
Since y n G x V = (3, we must have either u 6 G or z, $ I’. The former 
implies that (u) 0 (Y # 5 while the latter implies that (8) 0 p f 6. It follows 
from these observations that H is an I-distinguished set. One need only take 
d =: {a} and B = {/3} in the definition. This completes the proof. 
The major portion of this latter proof consisted of verifying statements 
about topological spaces. Because of the absence of any need for this when 
considering the semigroup of all binary relations on a set, one can, with 
considerably less effort, obtain an abstract characterization of that semigroup. 
THEOREM 2. A semigroup S is isomorphic to the semigroup of all binary 
relations on a set if and only if it has a zero and a family I of idempotents such 
that the following conditions are satisfied for all a, b E S: 
(2.1) ab # 0 implies axb # 0 for some x E I. 
(2.2) If for some x E I, ax # 0 # bx, then axb f 0. 
(2.3) If a # 6, then there exist elements x, y E I such that for one the pair a, b 
(say a) we have xay = 0 while xby f 0. 
(2.4) For each subset H of I x I, there exists an s E S such that 
H=={(x,y)~IxI:xsy#OO). 
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Since the proof of this result is very similar, modulo topological considera- 
tions, to the proof of the previous theorem, we will not give it in detail but 
rather will content ourselves with a few remarks about it. First of all, to prove 
sufficiency, one defines a mapping q~ from S into 9Y1 the semigroup of all 
binary relations on I just as in (1.5). Conditions (2.1) and (2.2) will force it 
to be a homomorphism and it will be injective because of (2.3). Finally, it 
will map S onto .9?1 because of (2.4). For th e necessity portion of the proof, 
one takes any set X and for the subset I of nonzero idempotents of gx, one 
chooses {(x) : x E X}. Conditions (2.1) to (2.4) can then be verified. 
For the finite case, we have 
THEOREM 3. A semigroup S is isomorphic to the semigroup of all binary 
relations on some nonempty $nite set if and only if it has a zero and there exists 
a positive integer N such that S has exactly 2Nz elements and contains a family I 
consisting of N idempotents such that the following conditions are satisfied for all 
a, beS: 
(3.1) ab # 0 implies axb # 0 for some x E I. 
(3.2) If for some x E I, ax # 0 # xb, then ax6 # 0. 
(3.3) If a # 6, then there exist elements x, y E I such that for one of the pair 
a, b (say a) we have xay = 0 while xby # 0. 
The remarks following Theorem 2 are appropriate here with one exception. 
In Theorem 2, the isomorphism defined by (2.5) is onto because of condition 
(2.4). Here, it is onto because both S and .9Y1 have exactly 2NB elements. 
An abstract characterization of the semigroup of all binary relations on a set 
has previously been given by Zaretskii in [3]. At the time of this writing, we 
did not have access to the paper but we were able to get a review of the paper 
by Gluskin [l]. The characterization is stated in the review and, although 
there are similarities, it differs from the one given here in Theorem 2. There is 
evidence that the isomorphism is defined in the same fashion but that in place 
of the family I of idempotents, Zaretskii uses what are called basic elements. 
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